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ABSTRACT
Let (X, ρ,G) be a G−action topological system, where G is a countable infinite dis-
crete amenable group and X a compact metric space. We prove a variational prin-
ciple for topological entropy of saturated sets for systems which have specification
and uniform separation properties. As an application, we compute the topological
entropy of level sets and irregular sets.
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1. Introduction
In this paper, a dynamical system (X, ρ,G) means always that (X, ρ) is a compact
metric space and G a countable discrete amenable group acting on X continuously.
Denote M(X) be the set of all Borel probability measures with weak∗ topology,
M(X,G) ⊂M(X) be the set of G−variant measures and E(X,G) ⊂M(X) be set of
ergodic G−invariant measures. We are interested in comparing the metric entropy of
µ ∈ M(X,G) with the topological entropy, which is a measure of complexity of the
dynamical system. In this paper, we are dealing with general group actions instead of
Z−actions. The problem is interesting because new phenomena and difficulties arise
as we go to more general group actions. In 1987, Ornstein and Weiss [32] developed
the so-called quasi-tiling method, which has been a basic tool in the study of amenable
group actions. The quasi-tiling can serve as the substitute of the Rokhlin tower and
allows people to generalize the known results in Z−actions to amenable group actions.
Many people have made lots of progress in many directions of dynamical systems. For
example, Kieffer[24] extended the definition of metric entropy to a probability mea-
sure preserving amenable action and Ornstein and Weiss [32] generalized the Ornstein
theory to this setting. The Shannon-McMillan theorem for amenable group actions is
due to Kieffer [24]. In the ergodic case, Ornstein and Weiss obtained almost every-
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where convergence for a special type of Følner sequence that exits for some amenable
groups but not other [31]. Lindenstrauss [27] later established this pointwise result
for tempered Følner sequence with superlogarithmic growth, which can be found in
any amenable group. The variational principle for amenable group actions was due
to Ollagnier[28]. The pointwise ergodic theorem for amenable group actions is due to
Lindenstrauss [27]. But there are still many important theory in integer actions are
not confirmed for general group actions. In this paper we try to confirm some such
kind theory in amenable group actions. Expansiveness and specification property are
needed in our setting. Chung and Li [11] extended the definition of specification prop-
erty to general group actions. There are non-trivial examples under general actions
with expansiveness and specification, see [38]. For more information of amenable group
actions, readers may refer [19, 28, 23].
The study of the thermodynamic formalism and multifractal analysis for maps with
some hyperbolicity has drawn the attention of many researchers from the theoretical
physics and mathematics communities in the last decades. The general concept of
multifractal analysis, which can be traced back to Besicovitch, is to decompose the
phase space in subsets of points which have a similar dynamical behavior and to
describe the size of each of such subsets from the geometrical or topological viewpoint.
We refer the reader to [29, 34] and lots of such kind progress [8, 1, 43, 29, 30, 4, 47, 12,
18, 25, 22, 9, 44, 48, 5] etc. and references therein under different settings. It is still
necessary to let people know which multifractal analysis of general group actions hold.
It is almost not possible for us to generalize so many results in multifractal analysis for
Z actions one by one to general group actions since this is a huge hard work. Observe
that the study of saturated sets is the most crutical techique which can imply various
results in multifractal analysis including irregular sets, level sets and classification of
recurrent and transitive points by constructing different saturated sets of measures
with some required information, for example, see [36, 45, 21]. Thus in this paper we
will give such a charaterization for topological entropy on saturated sets so that one
can use this result to know which kind multifractal analysis to be get for amenable
group actions. Here we can not give all the applications but give some applications, for
example, we will give some application on irregular sets and level sets of continuous
observables. Other applications are left to the readers who are interested in various
multifractal analysis, including classification of transitive points[45, 21], level sets and
irregular sets of asympotically additive or almost additive continuous observables[17, 2]
and their mixed version [6] or higher version [7], etc.
The set of invariant measures plays an important role in the study of ergodic theory.
For Z−actions, the invariant measure always exists. But for general group actions
(G,X), the set of G−invariant measures may be empty. A well known result shows
that when G is amenable, there always exists a G- invariant measure. The class of
amenable group includes all finite groups, Abelian groups and solvable groups.
Let {Fn} be a Følnr sequence. we will study the empirical measure(along Fn) of x,
which is the probability measure defined as
EFn(x) :=
1
|Fn|
∑
s∈Fn
δsx,
where δx is the Dirac mass at x ∈ X.
A subset D ⊂ X is called saturated with respect to {Fn} if x ∈ D and the sequences
{EFn(x)} and {EFn(y)} has the same limit-point, then y ∈ D. The limit-point set
of {EFn(x)} is always a compact subset V (x, {Fn}) ⊂ M(X,G). If K ⊂ M(X) is a
2
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non-empty connected closed subset, we denote
GK := {x ∈ X | V (x, {Fn}) = K}.
The existence of saturated sets is fisrtly showed by Sigumund for systems with spec-
ification incluing hyperbolic systems [41, 42] and then is generalized to non-uniformly
hyperbolic and non-uniformly expanding systems [26, 46]. This result can imply that
the points whose emprical measures equal to the space of invariant measures form a
residual set and in particular, every irregular set is either empty or residual in the
whole space, see [45].
The entropy estimate on saturated sets was firstly in [36] for systems with specifi-
cation including hyperbolic systems and then is generalized recently to non-uniformly
hyperbolic and non-uniformly expanding systems [25, 46]. In particular, remark that
the entropy estimate of the particular saturated set of ergodic measures is due to
Bowen [10]. Here we give the existence and entropy estimate of saturated sets for
amenable group actions.
Theorem 1.1. If the specification and uniform separation property hold, then for any
non-empty connected closed subset K ⊂M(X,G)
hBtop(GK , {Fn}) = inf{hµ(X,G) | µ ∈ K}.
Here hBtop(GK , {Fn}) is the Bowen topological entropy of GK .
Remark: In [50], the author introduced g−almost product property for amenable
group actions and showed that g−almost product property implies specification prop-
erty. Our proof of Theorem 1.1 can be modified to g−almost product property cases by
reconstructing Yk using different separating points with related to g−almost product
property. There is no examples to show the difference between specification property
and g−almost product property for group actions. Here for simplicity of the writing
and for sake of the hard work in the general group actions, we just prove the cases
which satisfy specification.
We point out that in the proof many techniques such as entropy-dense property,
entropy estimate technique etc need to reestablish and many precise details need to
be very careful.
1.1. Applications to multifractal analysis
From the measure theoretical viewpoint, pointwise ergodic theorem guarantees that
with related to a tempered Følner sequence the irregular set has zero measure for every
invariant measure. Nevertheless, irregular sets may have full topological entropy, see
[8, 44, 15, 25]. The classical approach to prove that the irregular set of continuous
observables for Z action that are not cohomologous to a constant has full topological
entropy uses the uniqueness of equibrium states[6, 7, 8]. However, up to now it still
unknown the uniqueness of equibrium states for amenable group actions. Here we
construct different saturated sets to get the role. However, two problems are still
unknown that whether the spectrum of level sets has some smoothness with respect
to the level and whether there is an ergodic measure supported on the level set with
metric entropy same as the entropy of the level set.
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Let ϕ ∈ C(X,R), then X can be divided into the following parts:
X =
⋃
α∈R
X(ϕ,α, {Fn}) ∪ Xˆ(ϕ, {Fn})
where for α ∈ R,
X(ϕ,α, {Fn}) = {x ∈ X | lim
n→∞
1
|Fn|
∑
s∈Fn
ϕ(sx) = α}
and
Xˆ(ϕ, {Fn}) = {x ∈ X | lim
n→∞
1
|Fn|
∑
s∈Fn
ϕ(sx) dose not exist}.
X(ϕ,α, {Fn}) is called level set with respect to {Fn} and ϕ, Xˆ(ϕ, {Fn}) is called
the historic set with respect to {Fn} and ϕ or ϕ−irregular set.
The level set is called the multifractal decomposition set of ergodic average of ϕ.
In particular, one is interested in the size of these sets X(ϕ,α, {Fn}). For irregular
set, Pesin and Pitskel [33] are the first to notice the phenomenon of the irregular set
carries full topological entropy in the case of the full shift on two symbols from the
dimension perceptive. Rulle [14] uses the terminology ”historic behavior” to describe
irregular point and in contrast to dimensional perspective.
We have the following results.
Theorem 1.2. Suppose the system (X,G) has the specification and uniform separa-
tion properties. If Xˆ(ϕ, {Fn}) is non-empty, then
hBtop(Xˆ(ϕ, {Fn})) = htop(X,G). (1.1)
Theorem 1.3. For α ∈ R,
hBtop(X(ϕ,α, {Fn})) = sup{hµ(X,G) | µ ∈M(X,G),
∫
X
ϕdµ = α}. (1.2)
Remark: We state several results without detailed proof. For example, one can also
get irregular sets of asympotically additive or almost additive continuous observables,
etc.
This paper is organized as follows. In Section 2, we recall some definitions and in
Section 3 we introduce the uniform separation property for amenable group actions.
In Section 4, we prove the upper bound od Theorem 1.1 and in Section 5 we prove the
lower bound of Theorem 1.1. In Section 6, we prove Theorem 1.2 and Theorem 1.3. In
the Appendix part, we give proofs of Theorem 2.1.
2. Preliminaries
In this section, we will introduce some notions and properties.
4
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2.1. Metrics on X and M(X)
Let ϕ ∈ C(X,R) and µ ∈M(X). We set
〈ϕ, µ〉 =
∫
X
ϕdµ.
There exists a countable separating set of continuous functions {ϕ1, ϕ2, . . . } with 0 ≤
ϕk ≤ 1, and such that
D(µ, ν) :=
∞∑
k=1
2−k|〈ϕk, µ〉 − 〈ϕk, ν〉|.
defines a compatible metric for the weak∗−topology on M(X). In this paper, for
convenience we will use an equivalent metric on X, which still denoted by ρ,
ρ(x, y) := D(δx, δy). (2.1)
The cardinality of a finite set Λ is denoted as |Λ|.
2.2. Amenable groups and tilings of amenable groups
Let F (G) be the collection of finite subsets of G.
Definition 2.1. Let Ω,K ⊂ F (G) be two subsets of a group G. The K − interior of
Ω is the subset IntK(Ω) defined by
IntK(Ω) := {g ∈ G | Kg ⊂ Ω}.
The K − closure of Ω is the subset ClK(Ω) ⊂ G defined by
ClK(Ω) := {g ∈ G | Kg ∩ Ω 6= ∅.}
The K − boundary of Ω is the subset ∂K(Ω) ⊂ G defined by
∂K(Ω) := ClK(Ω) \ IntK(Ω).
The relative amenablity constant of Ω with respect to K is the number α(Ω,K)
defined by
α(Ω,K) :=
|∂K(Ω)|
|Ω|
.
Ω is call (K, δ)−invariant if α(Ω,K) < δ.
A sequence of finite subset {Fn}
∞
n=1 ⊂ F (G) is called a Følner sequence if for any
s ∈ G,
lim
n→∞
|sFn△Fn|
|Fn|
= 0.
5
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A Følner sequence {Fn} is tempered if there exist C > 0 independent of n such that
|
⋃
k<n F
−1
k Fn| < C|Fn|.
The following lemma is [13, Lemma 9.4.8].
Lemma 2.1. Let G be a countable amenable group. Let {Fn} be a Følner sequence.
For any finite subset K ⊂ G,
lim
n→∞
α(Fn,K) = 0
The quasi-tiling-theory is a useful tool for actions of amenable groups which is set
up by Ornstein and Weiss in [32].
Subsets A1, A2, · · · , Ak ∈ F (G) are δ-disjoint if there exists {B1, B2, · · · , Bk} ⊂
F (G) such that
• Bi ⊂ Ai i = 1, 2, · · · , k,
• Bi ∩Bj = ∅, 1 ≤ i 6= j ≤ k,
• |Bi||Ai| > 1− δ i = 1, 2, · · · , k.
For α ∈ (0, 1], we say {A1, A2, · · · , Ak} α-covers A ∈ F (G) if
A ∩ (
⋃k
i=1Ai)
|A|
≥ α.
We say that {A1, A2, · · · , Ak} ⊂ F (G) is a δ-quasi-tile of A ∈ F (G) if there exists
{C1, C2, · · · , Ck} ⊂ F (G) satisfying
• AiCi ⊂ A and {Aic | c ∈ Ci} forms an δ-disjoint family for i = 1, 2, · · · , k,
• AiCi ∩AjCj 6= ∅ 1 ≤ i 6= j ≤ k,
• {AiCi | i = 1, 2, · · · k} forms a (1− δ)−cover of A.
Such C1, C2, · · · , Ck are called the tiling centers.
The following proposition is a fundamental quasi-tiling property of amenable groups.
The description is a little bit different from [32, Theorem 6 in I.2], but the ideas are
the same.
Proposition 2.1. [13, Lemma 9.4.14] Let G be a group and 0 < ε ≤ 12 . Then there
exits an integer s0 = s0(ε) ≥ 1 such that for each s ≥ s0 the following holds, If
K1,K2, . . . ,Ks are non-empty finite subsets of G such that
α(Kk,Kj) ≤ ε
2s for all 1 ≤ j < k ≤ s,
and D is a non-empty finite subset of G such that
α(D,Kj) ≤ ε
2s for all 1 ≤ j ≤ s,
then D can be ε−quasi tiled by K1,K2, . . . ,Ks.
Remark 2.1: Let K1,K2, . . . ,Ks be an ε−quasi-tile of D ⊂ G and {Cj , j =
1, 2, . . . , s} be the tiling centers. We can modify the tile to get a (1 − ε)2−disjoint
covering of D by shrinking every translation of Ki, i = 1, 2, . . . , s. For each j, since
{Kjcj | cj ∈ Cj} are ε−disjoint, we can choose Kj(cj) ⊂ Kj with
|Kj(cj)|
Kj
≥ 1 − ε
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and the elements in {Kj(cj)cj} are pairwise disjoint. Thus elements in the collection
{Kj(cj)cj | cj ∈ Cj, j = 1, 2, . . . , s} are pairwise disjoint and
| ∪sj=1 ∪c∈CjKj(cj)cj |
|D|
≥ (1− ε)
| ∪sj=1 ∪cj∈CjKjc|
|D|
≥ (1− ε)2.
Also we need a tiling result in [16].
Definition 2.2. T is called a tiling of G if there exist a shape set S = {Si ∈ F (G) |
1 ≤ j ≤ k} and tiling centers C1, C2, . . . , Ck such that {Sjg | g ∈ Cj, j = 1, 2, . . . , k} is
a partition of G. Let {Tk}k≥1 be a sequence of tilings of G, we say {Tk}k≥1 is congruent
if for each k ≥ 1, each element in {Tk+1} is a union of elements in {Tk}.
The folloing lemma is part of [16, Lemma 5.1].
Lemma 2.2. Fix a converging to zero sequence εk > 0 and a sequence Kk of finite
subsets of G. There exists a congruent sequence of tilings T˜k of G such that shapes of
T˜k are (Kk, εk)−invariant.
2.3. Topological entropy for non-compact subsets
For the case G = Z, by resembling the definition of Hausdorff dimension, Bowen [10]
introduced a definition of topological entropy on subsets. This definition is also known
as dimensional entropy and has plenty applications to thermodynamical formulism,
fractal geometry, multi-fractal analysis etc. See [3, 37] for example.
For the case of amenable group actions, Bowen’s topological entropy was introduced
in [51] recently. Also there is a definition using dynamically generating continuous
pseudometrics in [20].
For F ∈ F (G), define
ρF (x, y) = max{ρ(sx, sy) | s ∈ F}.
Let Y ⊂ X and {Fn} be a Følner sequence. For ε > 0 andN ∈ N, denote CN (Y, ε, {Fn})
be the collection of all finite or countable cover C = {BFni (x, ε)} of Y with ni ≥ N.
For s > 0, denote
M(Y, ε,N, s, {Fn}) := inf
C∈CN (Y,ε,{Fn})
∑
Bn(x,ε)∈C
e−s|Fn|.
The value M(Y, ε,N, s, {Fn}) does not decrease as N increases, hence the following
exits
M(Y, ε, s, {Fn}) = lim
N→∞
M(Y, ε,N, s, {Fn}).
It is easy to check there exits a critical value of s such that M(Y, ε, s, {Fn}) jumps
from +∞ to 0. Let
7
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hBtop(Y, ε, {Fn}) = inf{s |M(Y, ε, s, {Fn}) = 0}
= sup{s |M(Y, ε, s, {Fn}) =∞}.
Clearly hBtop(Y, ε, {Fn}) dose not decrease as ε decreases, hence the following limit
exits
hBtop(Y, {Fn}) = lim
ε→0
hBtop(Y, ε, {Fn}),
and we call it (Bowen) topological entropy of Y with related to the sequence {Fn}.
2.4. Specification
In this subsection, we will recall the specification property for general group actions ,
which is from [11, Section 6].
Let α be a continuous G-action on a compact metric space X with metric ρ. The
action has the specification property if there exist, for every ε > 0, a nonempty finite
subset F = F (ε) of G with the following property :
for any finite collection of finite subsets F1, F2, · · · , Fm of G satisfying
FFi ∩ Fj = ∅ 1 ≤ i 6= j ≤ m, (2.2)
and for any collection of points x1, x2, . . . , xm ∈ X, there is a point y ∈ X satisfying
ρ(sxi, sy) ≤ ε for all s ∈ Fi, 1 ≤ i ≤ m. (2.3)
2.5. Metric Entropy
Let (X,G, µ) be G−measurable dynamical system, where (X,B(X), µ) is a probability
space and G a countable discrete amenable group preserves the measure µ. Let β
be a finite measurable partition of X. Denote Hµ(β) =
∑
B∈β −µ(B) log µ(B). For
F ∈ F (G), denote βF =
∨
s∈F s
−1β. The metric entropy of µ with respect to β is
defined by
hµ(β,G) = lim
n→∞
1
|Fn|
Hµ(βFn),
where {Fn} is a Følner sequence and the value hµ(β,G) is independent of the choice
of {Fn}. And the metric entropy of the system (X,G, µ) is defined as
hµ(X,G) = sup
β
hµ(β,G).
For more information about ergodic theory for group actions, readers may see [28,
23].
8
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2.6. Separated sets
Let F ∈ F (G) and δ > 0, ε > 0. A subset Γ ⊂ X is (δ, F, ε)−separated if for x 6= y ∈ Γ,
|{s ∈ F | ρ(sx, sy) > ε}|
|F |
≤ δ.
Let C ⊂M(X) be a neighborhood of µ ∈M(X,G). Define
XF,C := {x ∈ X | EF (x) ∈ C},
and
N(C;F, ε) := maximal cardinality of a (F, ε) − separated subset of XF,C
and
N(C; δ, F, ε) := maximal cardinality of a (δ, F, ε) − separated subset of XF,C .
The following lemma will be needed in Section 5.
Lemma 2.3. [50, Lemma 2.6]
Let (X,G) be a dynamical system. Let µ ∈ M(X,G), δ∗ > 0, ε∗ > 0, ξ > 0. Then
there exists 0 < δ < min{12 ,
ξ
3 ,
δ∗
2 } such that if F ∈ F (G) and Γ ⊂ XF,B(µ,ξ) is a
(δ∗, F, ε)−separated set, then for any F ′ ⊂ F with |F
′|
|F | > 1 − δ, Γ is a (
δ∗
2 , F
′, ε∗) set
and Γ ⊂ XF ′,B(µ,2ξ).
2.7. Approximation by Ergodic Measures
Definition 2.3. The measure ν ∈ M(X,G) is entropy-approachable by ergodic
measures if for any neighborhood C of ν and each h∗ < hν(X,G), there exists a measure
µ ∈ E(X,G) ∩C such that hµ(X,G) > h
∗. The ergodic measures are entropy-dense
if each ν ∈M(X,G) is entropy-approachable by ergodic measures.
For amenable group actions, we prove the following result.
Theorem 2.1. Suppose the dynamical system has specification property. Then the
ergodic measures are entropy dense.
Proof. We will prove this theorem in the Appendix part.
3. Uniform separation property
The uniform separation property for Z−actions was introduced by Pfister and Sullivan
in [36]. In this part, we will define the uniform separation property for amenable group
actions.
Definition 3.1. The dynamical system (X,G) has uniform separation property if the
following holds. Let {Kn} be a tempered Følner sequence. For any η > 0, there exists
9
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ε∗ > 0 and δ∗ > 0 such that for µ ∈ E(X,G) and any neighborhood C ⊂ M(X) of µ,
there exists n∗C;µ,η ∈ N, such that for n ≥ n
∗
C;µ,η,
N(C; δ∗,Kn, ε
∗) ≥ e|Kn|(hµ(X,G)−η).
Remark: The uniform separation property implies htop(X,G) < ∞. Indeed for µ ∈
E(X,G)
e|Kn|(hµ(X,G)−η) ≤ N(C; δ∗,Kn, ε
∗) ≤ N(X; δ∗,Kn, ε
∗) ≤ N(X;Kn, ε
∗),
where N(X;Kn, ε
∗) is the maximal cardinality of a (Kn, ε
∗)−separated set of X.
Thus
hµ(X,G) ≤ lim sup
n→∞
logN(X;Kn, ε
∗)
|Kn|
+ η <∞.
The following lemma appears as [40, Lemma 1.5.4].
Lemma 3.1. If
(
n
k
)
denotes the number of combinations of n objects taken k at a time
and δ < 1/2 then
∑
k≤δn
(
n
k
)
≤ enφ(δ),
where φ(δ) = −δ log δ − (1− δ)(log(1− δ)).
Theorem 3.1. Suppose the action (X,G) is expansive. Then the action has the uni-
form separation property.
Proof. Let {Kn} be a tempered Følner sequence. Let τ
∗ be the expansive constant.
Then for any finite Borel partition A with diam(A) < τ∗, hµ(X,G) = hµ(A, G). Let
η > η′ > 0. The value of η′ will be fixed later. Let ν ∈ M(X,G) and Wν ⊂ M(X)
a neighborhood of ν. Since M(X,G) is compact, we can cover M(X,G) by finite
neighborhoodsWν1 ,Wν2 , . . . ,Wνn . Thus we will prove the result for an ergodic µ ∈Wν .
Let A = {A1, A2, . . . , Ak} be a finite Borel partition with diam(A) <
τ∗
2 .
Choose δ∗ small such that 2η′ + δ∗ < 12 and
φ(2η′ + δ∗) + (2η′ + δ∗) log(2k − 1) < η − η′, (3.1)
where φ is as described in Lemma 3.1.
Sine ν is regular, let Vj ⊂ Aj be compact with ν(Aj \ Vj) <
η′
4k log(2k) . Define
ε∗ = min{dist(Vi, Vj) | 1 ≤ i 6= j ≤ k}/2. There exists n
∗, such that n ≥ n∗,
η′
4 log k
≥
log 2
|Kn| log 2k
. (3.2)
Let Uj ⊃ Vj, j = 1, 2, . . . , k be k open neighborhoods with diam(Uj) < ε
∗. and
ρ(x, y) > ε∗ whenever x ∈ Ui, y ∈ Uj, i 6= j. Let K = X \ ∪
k
j=1Uj and A
′ a Borel
partition including all Ui, i = 1, . . . , k and the non-empty Ai ∩K. Then K is a closed
10
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subset of X and ν(K) < η
′
4 log(2k) . The indicator function IK is upper semi-continuous.
We define a neighborhood Wν of ν by
Wν := {m ∈M(X) :
∣∣ ∫ IKdm−
∫
IKdν
∣∣ < η′
4 log(2k)
}.
By the construction, A′ is a partition has no more that 2k elements and diam(A′) <
ε∗. For convenience, we will label elements in A′ by words w of length Kn over an
alphabet A of at most 2k letters. The letters 1, 2, . . . , k label U1, U2, . . . , Uk and the
other words label the non-empty atoms among A1 ∩K, . . . , Ak ∩K. We will define a
map Φ : X → AKn,
Φ(x)s := j if sx is in the atoms labeled by j.
We will prove the result for an ergodic µ ∈Wν . Since diam(A
′) < τ∗, we will choose
n∗ such that
Hµ(A
′
Kn) ≥ |Kn|(hµ(X,G) − η
′/2).
By definition of Wν ,
µ(K) ≤ ν(K) +
η′
4 log(2k)
≤
η′
2 log(2k)
.
Let Yn = {x : |s ∈ Kn : Φ(x)s > k| ≤ η
′|Kn|}. by ergodic theorem, µ(Yn) → 1.
Taking n∗ large enough, if C is a neighborhood of µ, we may assume µ(XKn,C) >
1− η
′
3 log(2k) and µ(X \ (XKn,C ∩ Yn)) <
η′
2 log(2k) −
log 2
|Kn| log(2k)
for n ≥ n∗.
Set An0 = X \ (XKn,C ∩ Yn). By conditioning with respect to the partition {A
n
0 ,X \
An0}, we obtain
Hµ(A
′
Kn) ≤ log 2 + µ(A
n
0 )Hµ(·|An0 )(A
′
Kn) + µ(X \ A
n
0 )Hµ(·|X\An0 )(A
′
Kn).
Since the number of atoms in A′ is at most 2k, µ(An0 )Hµ(·|An0 )(A
′
Kn
) ≤
( η′
2 log(2k) −
log 2
|Kn| log(2k)
)
|Kn| log(2k) ≤
η′
2 |Kn| − log 2. Thus for n ≥ n
∗,
µ(X \ An0 )Hµ(·|X\An0 )(A
′
Kn) ≥ |Kn|(hµ(X,G) − η
′).
Let Φn denote the image of XKn,C ∩ Yn by the map Φ. Since log |{A ∈ A
′
Kn
:
A ∩ (X \An0 ) 6= ∅}| ≥ Hµ(·|X\An0 )(A
′
Kn
), we have
|Φn| ≥ e
|Kn|(hµ(X,G)−η′). (3.3)
The Hamming distance dHKn(w,w
′) of two different words w and w′ is the num-
ber of different letters of w and w′. Let Φ′n ⊂ Φn of maximal cardinality such that
dHKn(w,w
′) ≥ (2η′ + δ)|Kn| for any w 6= w
′ ∈ Φ′n. By Lemma 3.1 and the choice of
η, δ∗, |Φ′n| ≥
|Φn|
∑
j≤(2η+δ∗)|Kn |
(|Kn|j )
≥ e|Kn|(hµ(X,G)−η
′−φ(2η′+δ∗)) ≥ e|Kn|(hµ(X,G)−η). Let Γn
11
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be defined by selecting exactly one point of XKn,C ∩Yn from each atom of A
′
Kn
labeled
by a word in Φ′n. Then Γn is (δ
∗,Kn, ε
∗)−separated and
|Γn| ≥ e
|Kn|(hµ(X,G)−η).
Next theorem shows one example which has the specification and uniform separation
properties.
Theorem 3.2. Let Γ be a countable discrete group and f an element of ZΓ invertible
in l1(Γ,R). Then the action of Γ on Xf which is the Pontryagin dual of ZΓ/ZΓf has
the specification and uniform separation properties.
Proof. From [38, Theorem 1.2], the system has specification property and also it is
expansive. Then by Theorem 3.1, the system has the uniform separation property.
Corollary 3.1. Assume that (X, ρ,G) has the uniform separation property and that
the ergodic measures are entropy dense. Let {Kn} be a tempered Følner sequence. For
any η > 0, there exist δ∗ > 0 and ε∗ > 0 so that for µ ∈M(X,G) and any neighborhood
C ⊂M(X) of µ, there exists n∗C;µ,η such that
N(C; δ∗,Kn, ε
∗) ≥ e|Kn|(hµ(X,G)−η).
For any µ ∈M(X,G),
hµ(X,G) ≤ lim
ε→0
lim
δ→0
inf
C∋µ
1
|Kn|
logN(C; δ,Kn, ε).
Proof. Let η > 0 and µ ∈ C. If µ is ergodic, then the statement is true by the
definition of the uniform separation property. If µ is not ergodic. Then choose an
ergodic ν ∈ C and hµ(X,G) < hν(X,G)+
η
2 . Then we can just choose n
∗
C;µ,η = nC;ν, η2 .
The second statement is a consequence of the first statement.
3.1. The entropy map
In this part we will study the entropy map when the uniform separation property
holds. Let {Fn} be a Følner sequence. For ε > 0, δ > 0 and ν ∈M(X,G), denote
s(ν; δ, ε, {Fn}) = inf
C
lim inf
n→∞
1
|Fn|
logN(C; δ,Kn, ε)
and
s(ν; {Fn}) := lim
ε→0
lim
δ→0
s(ν; δ, ε, {Fn}).
We define s(ν; δ, ε, {Fn}) and s(ν; {Fn}) by taking lim sup instead of lim inf. If
s(ν; {Fn}) = s(ν; {Fn}), then denote s(ν; {Fn}) be the common value.
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Lemma 3.2. Let (X,G) be a topological dynamical system and µ ∈ M(X,G). Let
{Fn} be a Følner sequence and En be a sequence of (Fn, ε)−separated subsets and
define
νn :=
1
|Fn||En|
∑
x∈En
∑
s∈Fn
δsx.
Assume vn → µ. Then
lim sup
n→∞.
1
|Fn|
log |En| ≤ hµ(X,G).
Proof. The proof is similar to the proof of [49, Theorem 8.6]. Let β be a finite Borel
partition of X such that diam(β) < ε and µ(∂β) = 0. Then each element of βFn
contains at most one point in En. Hence
Hνn(βFn) = log |En|
and
Hνn◦s(βFn) = log |En|, for any s ∈ G.
By part 1 of [19, Lemma 3.1], the multi-subadditivity of Hνn(β{·}), for any finite
subset F ⊂ G, we have
Hνn(βFn) ≤
1
|F |
∑
s∈Fn
Hνn◦s−1(βF ) + |Fn \ IntF−1(Fn)| log #β. (3.4)
Since {Fn} is a Følner sequence, we have
|IntF−1(Fn)|
|Fn|
→ 1, n→∞. (3.5)
Then
log |En|
|Fn|
=
1
|Fn|
Hνn(βFn)
≤
1
|Fn|
(
1
|F |
∑
s∈Fn
Hνn◦s−1(βF ) + |Fn \ IntF−1(Fn)| log #β)
≤
|{s ∈ F | F−1s ∈ Fn}|
|Fn|
1
|F |
Hνn(βF ) +
|Fn \ IntF−1(Fn)| log #β
|Fn|
. (3.6)
Since µ(∂β) = 0, we have µ(∂βF ) = 0.
By (3.4) - (3.6),
lim sup
n→∞
log |En|
|Fn|
≤
1
|F |
Hµ(βF ).
By [19, Lemma 3.1], hµ(β,G) = infF
1
|F |Hµ(βF ). Then we finish the proof.
13
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For µ ∈M(X,G) and a Følner sequence {Fn}, denote
s′(ν; ε, {Fn}) = inf
C
lim inf
n→∞
1
|Fn|
logN(C;Kn, ε)
and
s′(ν; {Fn}) = lim
ε→0
s′(ν; ε, {Fn}).
Proposition 3.1. Let (X,G) be a topological dynamical system and µ ∈ M(X,G).
Then for any Følner sequence {Fn},
s′(µ, {Fn}) ≤ hµ(X,G).
Proof. The proof is similar to the proof of [36, Proposition 3.1].
If hµ(X,G) =∞, then there is nothing to prove. Let hµ(X,G) <∞. Suppose that
lim
ε→0
inf
C∋µ
lim sup
n→∞
1
|Fn|
logN(C;Fn, ε) > hµ(X,G).
There exist ε∗ > 0 and η > 0 such that for ε ≤ ε∗,
inf
C∋µ
lim sup
n→∞
1
|Fn|
logN(C;Fn, ε) > hµ(X,G) + 2η.
Let 0 < ε < ε∗. There exists a decreasing sequence of convex closed neighborhoods
{Cn} of µ such that
⋂
nCn = µ and
lim sup
n→∞
1
|Fn|
logN(Cn;Fn, ε) ≥ hµ(X,G) + 2η. (3.7)
Let En be a (Fn, ε)−separated set of XFn,C with maximal cardinality, and define
νn :=
1
|Fn||En|
∑
x∈En
∑
s∈Fn
δsx ∈ Cn.
By the choice of {Cn}, lim
n→∞
νn = µ. By Lemma 3.2,
lim sup
n→∞
log |En|
|Fn|
= lim sup
n→∞
1
|Fn|
logN(Cn, ;Fn, ε) ≤ hµ(X,G),
which contradicts (3.7).
Proposition 3.2. Let {Kn} be a tempered Følner sequence and µ ∈ E(X,G). Then
for h∗ < hµ(X,G), there exist δ
∗ > 0, ε∗ > 0 such that for any neighborhood C of
µ, there exists n∗C , s.t for any n ≥ n
∗
C there exists a (δ
∗, Fn, ε
∗)−separated set Γn of
XFn,C satisfying
|Γn| ≥ e
h∗|Kn|.
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Proof. The proof is an adaptation of [49, Theorem 8.6] and [35, Proposition 2.1].
By ergodic theorem, µ(XKn,C)→ 1 as n→∞. So for sufficiently large n,XKn,C 6= ∅.
If h∗ ≤ 0, we may just take Γn to be a one-point set.
Let hµ(X,G) > 0 and 0 < h
∗ < hµ(X,G). Choose h
′, h′′ satisfying h∗ < h′ <
h′′ < hµ(X,G). By [39, Proposition 1], there exists a partition α = {A1, . . . , Ak, Ak+1}
satisfying A1, . . . , Ak are closed subsets of X and µ(Ak+1) <
h′−h∗
6 log k and hµ(α,G) > h
′′.
Define ε∗ = min{dist(Ai, Aj) | 1 ≤ i < j ≤ k}/2. Choose 0 < δ
∗ < 12 satisfying
φ(2δ∗) + 2δ∗k < h′ − h∗. (3.8)
Define ϕ(x) := χ∪kj=1Aj (x) where χA is the characteristic function on A. By ergodic
theorem, for a.e.x ∈ X, 1|Kn|SKnχ∪kj=1Aj (sx)→ µ(∪
k
j=1Aj). By Egorov’s theorem, there
exist a Borel subset X ′ ⊂ X with µ(X ′) > 1− h
′−h∗
6 log k and
1
|Kn|
SKnχ∪kj=1Aj (sx) converges
uniformly on X ′.
Let n∗ be so large that δ∗|Kn| > 2 and
Hµ(αKn) > |Kn|h
′ and
h′ − h∗
3k log k
>
log 2
|Kn| log k
for all n ≥ n∗.
Pick n∗C > n
∗ such that for n ≥ n∗C ,
µ(X \XKn,C) ≤ (h
′′ − h′)/(3 log k).
and for any x ∈ X ′
1
|Kn|
SKnχ∪kj=1Aj (sx) ≥ 1−
h′ − h∗
3 log k
. (3.9)
Let An0 = X \ (XKn,C ∩X
′). Then for n ≥ n∗C ,
µ(An0 ) <
2(h′′ − h′)
3 log k
<
(h′′ − h′)
log k
−
log 2
|Kn| log k
.
By considering with respect to the partition {An0 ,X \ A
n
0}, we obtain
Hµ(αKn) ≤ log 2 + µ(A
n
0 )Hµ(·|An0 )(αKn) + µ(X \ A
n
0 )Hµ(·|X\An0 )(αKn)
≤ log 2 +
(h′ − h∗
log k
−
log 2
|Kn| log k
)
|Kn| log k +Hµ(·|X\An0 )(αKn)
≤ (h′′ − h′)|Kn|+Hµ(·|X\An0 )(αKn)
Then we have Hµ(·|X\An0 )(αKn) ≥ h
′|Kn|, which implies the number of
βn := {B ∈ αKn | B ∩ (X \A
n
0 ) 6= ∅}
is at least e|Kn|h
′
.
Define a map Φ : X → αKn,
Φ(x)s := j if sx ∈ Aj , j = 1, 2, . . . , k + 1.
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Denote Φn the imagine of XKn,C ∩ (X
′). Then we have
|Φn| ≥ e
|Kn|h′ .
For two different w and w′ in Φ′n. the Hamming distance d
H
Kn
of two different words w
and w′ in Φn is the number of different letters of w and w
′. Let Φ′n ⊂ Φn of maximal
cardinality s.t.
dHKn(w,w
′) ≥ 2δ∗|Kn|.
Notice that for x ∈ Φn(w) and y ∈ Φn(w
′),
ρKn(x, y) > ε
∗. (3.10)
By Lemma 3.1 and the choice of δ∗,
|Φ∗n| ≥
e|Kn|h
′
eφ(2δ∗)|Kn|k2δ∗|Kn|
≥ eh
∗|Kn|.
Let Γn be defined by selecting exactly one point of XKn,C ∩ (X
′) from each atom of
αKn labeled by a word in Φ
′
n. Since δ
∗|Kn| > 2, we know Γn is (δ
∗,Kn, ε
∗)−separated
and
|Γn| ≥ e
h∗|Kn|.
Corollary 3.2. Let (X,G) be a topological dynamical system, {Kn} be a tempered
Følner sequence. For µ ∈ E(X,G),
hµ(X,G) = hµ(X, {Fn}) = lim
ε→0
lim
δ→0
s(ν; δ, ε, {Kn})
= lim
ε→0
lim
δ→0
s(ν; δ, ε, {Kn}).
Proof. From Proposition 3.1 and N(C :; δ, F, ε) ≤ N(C;F, ε),
s(ν; δ, ε, {Kn}) = inf
C
lim sup
n→∞
1
|Kn|
logN(C; δ,Kn, ε) ≤ s
′(ν; {Kn}) ≤ hν(X,G).
From Proposition 3.2
hν(X,G) ≤ lim
ε→0
lim
δ→0
inf
C
lim inf
n→∞
1
|Kn|
logN(C; δ,Kn, ε)
Proposition 3.3. Let (X,G) be a topological dynamical system. If the uniform sep-
aration property condition is true and the ergodic measures are entropy dense, then
for a tempered Følner sequence {Kn}, s(µ, {Kn}) is well-defined, and s(µ, {Kn}) =
hµ(X, {Kn}) = hµ(X,G), for all µ ∈M(X,G).
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Proof. Same proof as the proof of Corollary 3.2, using Corollary 3.1 instead of Propo-
sition 3.2.
Proposition 3.4. Let (X,G) be a topological dynamical system. Let {Kn} be a tem-
pered Følner sequence. If the uniform separation property condition is true and the
ergodic measures are entropy dense, then the entropy map
µ 7→ s(µ; {Fn})
is upper semi-continuous.
Proof. Let C be a neighborhood of µ ∈ M(X,G). Given η > 0, by Corollary 3.1,
there exists δ∗ > 0 and ε∗ > 0 and n∗C;µ,η such that for ν ∈ C
logN(C; δ∗,Kn, ε
∗)
|Kn|
+ η ≥ hν(X,G), for all n ≥ n
∗
C;µ,µ.
Hence
inf
C∋µ
sup
ν∈C
hν(X,G) ≤ inf
C∋µ
lim sup
n→∞
1
|Kn|
logN(C; δ∗,Kn, ε
∗).
Since η is arbitrary, from Proposition 3.1 we obtain
inf
C∋µ
sup
ν∈C
hν(X,G) ≤ hµ(X,G).
4. Upper bound for hBtop(GK, {Fn})
Proposition 4.1. Let {Fn} be a Følner sequence and K ⊂ M(X,G) be a closed
subset. Let
KG = {x ∈ X | {EFn(x)} has a limit-point in K},
then
hBtop(
KG, {Fn}) ≤ sup{hµ(X,G) | µ ∈ K};
Proof. Let s := sup{hµ(X,G) | µ ∈ K}. If s = ∞, there is nothing to prove. As-
sume s < ∞; let s′ − s = 2η. Since N(C;Fn, ε) is a non-increasing function of ε, by
Proposition 3.1,
inf
C∋µ
lim sup
n→∞
1
|Fn|
logN(C;Fn, ε) ≤ hµ(X,G) for all ε > 0.
17
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For any ε > 0, there exits a neighborhood C(µ, ε) of µ and n(C(µ, ε)) ∈ N, such that
1
|Fn|
logN(C(Fn, ε)) ≤ hµ(X,G) + η for all n ≥ n(C(µ, ε)). (4.1)
Since a maximal (Fn, ε)−separated set of some A is also a (Fn, ε)−spanning set of
A, for any n ≥ n(C(µ, ε)),
M(XFn,C(µ,ε); s
′, Fn, ε) ≤ N(C(µ, ε);Fn, ε)e
−s′|Fn| ≤ e−η|Fn|. (4.2)
Since K is compact, given a fixed ε, we can fine a finite open covering of K by sets
of the form C(µ, ε), say µ1, µ2, . . . , µmε, with µi ∈ K. If EFn(x) has a limit point in K,
then for any infinite subset W ⊂ N, x is an element of
AW =
⋃
n∈W
mε⋃
j=1
XFn,C(µj ,ε).
Thus by (4.2), we have,
M(KG; s′,M, ε, {Fn}) ≤
∑
n∈W
M(
mε⋃
j=1
XFn,C(µj ,ε); s
′,M, ε, {Fn})
≤ mε
∑
n∈W
e−η|Fn| <∞
which implies that
htop(
KG; ε, {Fn}) ≤ s.
Theorem 4.1. Let K ⊂M(X,G) non-empty connected compact. Then
hBtop(GK , {Fn}) ≤ inf{hµ(X,G) : µ ∈ K}.
Proof. For all µ ∈ K, note that GK ⊂
{µ} G. From Proposition 4.1
hBtop(GK , {Fn}) ≤ h
B
top(
{µ}G, {Fn}) ≤ hµ(X,G) ∀µ ∈ K,
which means hBtop(GK , {Fn}) ≤ inf{hµ(X,G) | µ ∈ K}.
5. Lower Bound for hBtop(GK, {Fn})
Theorem 5.1. Let (X,G) be a dynamical system with the uniform separation and
specification properties. Let {Fn} be a Følner sequence and K be a connected non-
empty subset of M(X,G). Then
hBtop(GK , {Fn}) ≥ inf{hµ(X,G) | µ ∈ K}.
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We will show that for any 0 < h∗ < inf{hµ(X,G) | µ ∈ K},
hBtop(GK , {Fn}) ≥ h
∗.
To get this, we will construct a closed YK ⊂ GK and show that
hBtop(YK , {Fn}) ≥ h
∗.
5.1. Construction of YK
For each ε > 0, there exist a finite sequence α1, . . . , αn in K such that each point in
K is within ε of some αi. As K is connected, by repeating some αi, we can choose this
sequence α1, . . . , αn′ so that each point inK is within ε of some αi andD(αj, αj+1) < ε
for each j. Extending this argument, we deduce that there exists a sequence {αj : j =
1, 2, . . . } in K so that the closure of {αj : j > n} for each n equals K and
lim
j→∞
D(αj , αj+1) = 0.
We will construct Y such that for each y ∈ Y the the sequence {EFn(y)} has the same
limit-point set as {αn} and htop(Y, {Fn}) ≥ h
∗.
Let η > 0 and
h∗ = inf{hµ(X,G) | µ ∈ K} − η.
By Corollary 3.1, we can find δ∗ > 0 and ε∗ > 0 so that for neighborhood C of
µ ∈M(X,G), then there exists n∗C;µ,η with
N(C; δ∗,Kn, ε
∗) ≥ e|Kn|(hµ(X,G)−η) for all n ≥ n∗C;µ,η. (5.1)
Let {ξk} be a strictly decreasing to 0 sequences with 2ξ1 < ε
∗. From (5.1), for each
k, we find n∗k such that for n ≥ n
∗
k there exists a (δ
∗,Knk , ε
∗)−separated subset Γn of
XKn,B(αk,ξk/2) with
|Γn| ≥ e
|Knk |h
∗
. (5.2)
To get the fractal YK , we will deal with ∪nFn instead of Fn. Thus we will use some
tiling tricks to get a decomposition of ∪nFn.We call the atoms in the tempered Følner
sequence {Kn} and their translations the original bricks. S ∈ Sk and their translations
are called the standard bricks.
Let {γk} be a sequence of positive numbers strictly decreasing to 0 with γ1 <
min{ δ
∗
5 ,
1
12}. We also assume n
∗
k increases so fast that we can find integers n
∗
k < nk,1 <
nk,2 < · · · < nk,tk < n
∗
k+1 such thatD can be γk−quasi tiled byKnk,1,Knk,2, . . . ,Knk,tk
when D is (Knk,j, γ
tk
k ) invariant, j = 1, 2, . . . , tk.
Let {τk} be a sequence of positive numbers decreasing to 0 with 5τ1 < ε
∗. For each
k, let F (τk) be the finite subset of G as described in specification property. Assume
the identity eG ∈ F (τk).
We may assume {n∗k} increases so fast such that for n ≥ n
∗
k, Kn is
(F (τk),
τk
|F (τk)|
)−invariant.
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Thus from Proposition 2.2, there exist a congruent tiling {Tk}(whose shape denoted
by {Sk}) and the following properties hold:
For any S ∈ Sk can be γk−quasi tiled by Knk,1,Knk,2, . . . ,Knk,tk with tiling centers
{Ck,S,1, Ck,S,2, . . . , Ck,S,tk} and we denote the γk−quasi-tiling of S by
PS = {Knk,ick,S,i | 1 ≤ i ≤ tk, ck,S,i ∈ Ck,S,i}
Now we will modify the original bricks to get a pairwise disjoint tiles which also
satisfy the properties below.
Lemma 5.1. Assume S ∈ Sk. Then for each ck,S,i ∈ Ck,S,i, there exists a subset
T˜ck,S,i ⊂ Knk,i and denote T˜k,S = {T˜ck,S,ick,S,i | ck,S,i ∈ Ck,S,i} and S˜ = ∪T˜k,S. Then
the following holds:
(1) For K ′ 6= K ′′ ∈ T˜k,S, F (τk)K
′ ∩K ′′ = ∅;
(2) Elements in T˜k,S are pairwise disjoint and |T˜ck,S,i | > (1− 2γk)|Knk,i|;
(3) S˜ ⊂ S, and |S˜| > (1− 3γk)|S|;
(4) Let Γck,S,i be a (
δ∗
2 , T˜ck,S,i , ε
∗)−separated subset of XT˜ck,S,i ,B(αk,ξk)
with the maxi-
mal cardinality, then |Γck,S,i | ≥ e
|T˜ck,S,i |h
∗
.
Proof. By Remark 2.1, for each Knk,ick,S,i, we can find T
′
k,S,i ⊂ Knk,i such that
|T ′k,S,i| > (1− γk)|Knk,i| and {T
′
k,S,ick,S,i} are pairwise disjoint.
Define T˜k,S,j := ∩s∈F (τ)s
−1T ′k,S,j. From [38, section 3], the family {T˜ck,S,ick,S,i} sat-
isfies the specification property and
|T˜ck,S,i |
|T ′k,S,i|
> 1− γk. Thus |T˜ck,S,i | > (1− 2γk)|Knk,i|.
Thus statements (1) and (2) hold.
Statement (3) : By statements (1) and (2) and S can be γk−quasi tiled by
Knk,1, . . . ,Knk,tk , we have
|S˜| =
∣∣∣
tk⋃
i=1
⋃
ck,S,i∈Ck,S,i
T˜ck,S,ick,S,i
∣∣∣
≥
tk∑
i=1
∑
ck,S,i∈Ck,S,i
|T˜ck,S,i | ≥ (1− 2γk)
tk∑
i=1
∑
ck,S,i∈Ck,S,i
|Knk,i|
≥ (1− 2γk)(1 − γk)|S| ≥ (1− 3γk)|S|.
Statement (4): By (5.2), there exist a (δ∗,Knk,i, ε
∗)−separated subset Γnk,i of
XKnk,i,B(αk,ξk/2) with |Γnk,i| ≥ e
|Knk,i|h
∗
. Since |T˜ck,S,i | > (1−2γk)|Knk,j |, and 5γk < δ
∗,
by Lemma 2.3, Γnk,i is a (
δ∗
2 , T˜ck,S,i , ε
∗)−separated set and Γnk,i ⊂ XT˜ck,S,i ,B(αk,ξk)
. Let
Γck,S,i be a (
δ∗
2 , T˜ck,S,i , ε
∗)−separated subset of XT˜ck,S,i ,B(αk,ξk)
with the maximal car-
dinality. Then
|Γck,S,i | ≥ |Γnk,i| ≥ e
|T˜ck,S,i |h
∗
.
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Now we will use the standard bricks to build ∪∞n=1Fn. We will use some ideas from
[50, Section 3] but our construction is different.
Let {βk} be a strictly sequence converges to 0. We will choose an increasing sequence
M(1) < M(2) < · · · and a sequence H(0) ⊂ H(1) ⊂ H(2) ⊂ H(3) ⊂ · · · in the
following way.
(1) Let H(0) = ∅. Choose M(0) > 0 such that Fn is
(
∪ S1,
β1
|∪S1|
)
−invariant for
n ≥M(0);
(2) Choose M(1) > M(0) such that for n ≥ M(1), Fn is
(
∪ S2,
β2
|∪S2|
)
−invariant.
Let F˜1 =
⋃M(1)
i=M(0)+1 Fi, T˜2 = {T ∈ T2 | T ∩ F˜1 6= ∅} and H(1) = ∪T˜2;
(3) Choose M(2) > M(1) such that for n > M(2), Fn is
(
∪ S3,
β3
|∪S3|
)
−invariant
and |H(1)| < β3|Fn|. Let F˜2 = ∪
M(2)
i=M(0)+1Fi, T˜3 = {T ∈ T3 | T ∩ F˜2 6= ∅} and
H(2) = ∪T˜3;
(4) Assume thatM(0) < M(1) < · · · < M(k−1) and H(0) ⊂ H(1) ⊂ · · · ⊂ H(k−1)
has been chosen, then choose M(k) > M(k − 1) such that for n ≥ M(k), Fn is(
∪ Sk+1,
βk+1
|∪Sk+1||
)
−invariant and |H(k − 1)| < βk+1|Fn|. Let F˜k = ∪
M(k)
i=M(0)+1Fi,
T˜k+1 = {T ∈ Tk+1 | T ∩ F˜k 6= ∅} and H(k) = ∪T˜k+1;
For k ≥ 2, denote
H ′k := {T ∈ Tk | T ⊂ H(k) \H(k − 1)} and H
′(k) := ∪H ′k
and
H ′′k := {T ∈ Tk−1 | T ⊂ H(k) \H(k − 1), T ∩H
′(k) = ∅} and H ′′(k) := ∪H ′′k .
For k = 1, let H ′1 = {T ∈ T1 | T ⊂ H(1)} and H
′′
1 = ∅. Obvious H(k) \H(k − 1) =
H ′(k) ∪ H ′′(k) for k ≥ 1. Then every H(k) \ H(k − 1) is the union of at most two
different levels of standard bricks for k ≥ 2.
Next we will use standard bricks to cover each Fn. The following lemma shows that
most part of Fn can be covered by standard bricks.
Lemma 5.2. For any k and M(k − 1) < n ≤M(k), let
Λ1n =
{
T ∈ H ′k | T ⊂ Fn}
and
Λ2n = {T ∈ H
′′
k | T ⊂ Fn} ∪ {T ∈ H
′
k−1 | T ⊂ Fn}.
Let Λn = Λ
1
n ∪ Λ
2
n and F
′
n = ∪Λn. Then
F ′n ⊂ Fn and |F
′
n| > (1− 2βk)|Fn|.
Proof. Let In = Fn ∩
(⋃
S∈S ∂S(Fn)
)
.
Since Fn is (∪Sk,
βk
|∪Sk|
)−invariant, |In| < βk|Fn|, which implies
∣∣⋃{T ∈ Tk | T ⊂ Fn}∣∣ ≥ (1− βk)|Fn|.
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Since {Tk} is a sequence of congruent tilings, any T ∈ Tk is a union of some elements
in Tk−1. Thus we have
F ′n =
(
∪ {T ∈ H ′k | T ⊂ Fn}
)⋃(
∪ {T ∈ H ′′k | T ⊂ Fn}
)⋃(
∪ {T ∈ H ′k−1 | T ⊂ Fn}
)
⊃
(
∪ {T ∈ H ′k | T ⊂ Fn}
)⋃(
∪ {T ∈ H ′′k | T ⊂ Fn}
)⋃(
∪ {T ∈ H ′k−1 | T ⊂ Fn}
)
\H(k − 2)
⊃
(
∪ {T ∈ Tk | T ⊂ Fn}
)
\H(k − 2).
Since |Hk−2| ≤ βk|Fn|, we have
|F ′n| ≥ (1− 2βk)|Fn|.
Now we will construct the fractal YK using the decomposition of
⋃
n Fn.
For S ∈ Sk, define
Γ(S) :=
tk∏
i=1
∏
ck,S,i∈Ck,S,i
Γck,S,i
:= {~x = (xck,S,i) : xck,S,i ∈ Γck,S,i , ck,S,i ∈ Ck,S,i, i = 1, 2, . . . , tk}. (5.3)
For ~x ∈ Γ(S) define
B(S, ~x, τk) :=
tk⋂
i=1
⋂
ck,S,i∈Ck,S,i
B(T˜ck,S,ick,S,i, c
−1
k,S,ixck,S,i , τk),
where B(T, x, τk) = {y ∈ X : ρT (x, y) ≤ τk}.
For t ∈ N, define
P (t) = {A | A ∈ H ′(t) or A ∈ H ′′(t)}.
For k ∈ N, define
Yk :=
k⋂
t=1
⋂
Sd∈P (t)
( ⋃
~x∈Γ(S)
B(Sd, d−1~x, τ˜t)
)
,
where τ˜t = τl if S ∈ Sl.
By specification property, Yk 6= ∅. Let YK =
⋂
k≥1 Yk, then YK is a non-empty
compact set.
Lemma 5.3. Let k ∈ N. Let x1, . . . , xk ∈ X, ε1 > 0, . . . , εk > 0 and {F1, . . . , Fk} ⊂
F (G) with Fi ∩ Fj = ∅, 1 ≤ i 6= j ≤ k. Let F = F1 ∪ · · · ∪ Fk. Then for y ∈
BFj (xj , εj), j = 1, . . . , k and any α ∈M(X),
D(EF (y), α) ≤
k∑
j=1
|Fj |
|F |
(D(EFj (xj), α) + εj).
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Proof. We have
EF (y) =
k∑
j=1
|Fj |
|F |
EFj (y)
and because of the choice of the distance (2.1) on X,
D(EFj (y), EFj (xj)) ≤ εj .
Then from the triangle inequality and the definition of metric (2.1),
D(EF (y), α) ≤
k∑
j=1
|Fj |
|F |
D(EFj (y), EFj (xj)) +
k∑
j=1
|Fj |
|F |
D(EFj (xj), α)
≤
k∑
j=1
|Fj |
|F |
(D(EFj (xj), α) + εj).
Lemma 5.4. Let k ∈ N and S ∈ Sk. Then we have the following.
(1) |Γ(S)| ≥ e(1−3γk)|S|h
∗
;
(2) Let ~x 6= ~y ∈ Γ(S). If x ∈ B(S, ~x, τk) and y ∈ B(S, ~y, τk), then there exits s ∈ S˜
ρ(sx, sy) ≥
ε∗
2
;
Proof. (1). By statements (2 - 4) of Lemma 5.1,
|Γ(S)| =
tk∏
i=1
∏
ck,S,i∈Ck,S,i
|Γck,S,i |
≥ e
∑tk
i=1
∑
ck,S,i∈Ck,S,i
|T˜k,S,i|h∗
≥ e(1−3γk)|S|h
∗
.
(2). Since ~x 6= ~y ∈ Γ(S), there exits T˜ck,S,ick,S,i ∈ T˜k,S such that xi,ck,S,i 6= yi,ck,S,i ∈
Γck,S,i . Then there exits s ∈ T˜ck,S,i such that ρ(sx, sy) ≥ ρ(sxi,ck,S,i , syi,ck,S,i)− 2τk−1 ≥
ε∗/2.
Now we will calculate the topological entropy of YK .
Lemma 5.5. YK ⊂ GK .
Proof. We define the stretched sequence {α′n} by
α′n = αk if M(k − 1) < n ≤M(k).
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The sequence {αn} and {α
′
n} has the same limit-point set. If
lim
n→∞
D(EFn(y), α
′
n) = 0,
then the sequence {EFn(y)} and {α
′
n} has the same limit-point set. Thus it is sufficient
to show for y ∈ YK
lim
n→∞
D(EFn(y), α
′
n) = 0.
Let k > 1 andM(k−1) < n ≤M(k). Let Λn be as described in Lemma 5.2. Then for
Sd ∈ Λn, define k˜ = k if S ∈ Sk and k˜ = k−1 if S ∈ Sk−1. Take ~x = (xck,S,i) ∈ ΓS and
y ∈ B(Sd, d−1~x, τk˜). Because of the choice of the distance (2.1), for T˜k,S,ick,S,i ∈ T˜k,S,
D(ET˜k,S,ick,S,iy, ET˜k,S,ick,S,i(c
−1
k,S,ixi,ck,S,i)) ≤ τk˜. (5.4)
By Lemma 5.3 and (5.4), we have
D(ES˜(y), αk˜) ≤
∑
T˜k,S,ick,S,i∈T˜k,S
|T˜k,S,i|
|S˜|
(D(ET˜ck,S,ick,S,i
(xck,S,i), αk˜) + τk˜) ≤ ξk˜ + τk˜.
(5.5)
Then
D(ES(y), αk˜) ≤ D(ES(y), ES˜(y)) +D(ES˜(y), αk˜)
≤ ξk˜ + τk˜ + 6γk˜. (5.6)
We obtain
D(EFn(y), αk) ≤ D(EFn(y), EF ′n(y)) +D(EF ′n(y), αk)
≤ 6βk +
∑
Sd∈Λn
|Sd|
|F ′n|
D(ESd(y), αk)
≤ 6βk + 6γk−1 + ξk−1 + τk−1 +D(αk, αk−1). (5.7)
(5.7) implies {α′n} and {EFn(y)} has the same limit-point set which means y ∈
GK .
Proposition 5.1.
hBtop(YK , {Fn}) ≥ h
∗.
Proof. Let ε < ε
∗
4 , we will prove M(YK , s, ε, {Fn}) ≥ 1. Since YK is compact, we can
consider finite covers C of Y with the property that if BFni (x, ε) ∈ C, then BFni (x, ε)∩
Y 6= ∅. By definition,
M(Y, ε,N, s, {Fn}) = inf
C∈CN (Y,ε,{Fn})
∑
BFn (x,ε)∈C
e−s|Fn|.
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For each C ∈ CN (Y, ε, {Fn}), we define the cover C
′ in which each ball BFn(x, ε) is
replaced by BΛn(x, ε). Consider a specific C. For each BFn(x, ε) ∈ C, there exists k
such that M(k − 1) < n ≤ M(k). Let m be the largest k for which there exists
BFn(x, ε) ∈ C. Define
Wm :=
m∏
t=1
∏
Sd∈P (t)
Γ(S) and WΛn :=
∏
Sd∈Λn
Γ(S).
Each z ∈ BΛn(x, ε)∩Y corresponds to a point inWΛn. By the choice of ε, the point
is uniquely defined. For M(0) < j ≤ M(m), we say the word v ∈ WΛj is a prefix of
w ∈ Wm if w|Λj = v. Note that each w ∈ WΛn is the prefix of exactly
|Wm|
|WΛn |
words in
Wm. Let Wm =
⋃M(m)
n=M(0)+1WΛn. If W ⊂ Wm contains a prefix of each word in Wm,
then
M(m)∑
n=M(0)+1
|W ∩WΛn| ·
|Wm|
|WΛn|
≥ |Wm|.
Thus if W contains a prefix of each word of Wm,
M(m)∑
n=M(0)+1
|W ∩WΛn | ·
1
|WΛn|
≥ 1. (5.8)
Note that since C′ is a cover of Y , each point of Wm has a prefix associated with
some BΛn(x, ε) in C
′.
Also for M(k − 1) < n ≤M(k),
|WΛn | =
∏
Sd∈Λn
Γ(S)
≥ e
∑
Sd∈Λn
(1−3ξk)h∗|S|
≥ e(1−3ξk)(1−2βk−1)|Fn|h
∗
.
For k large enough, we have
s|Fn| ≤ (1− 3ξk)(1− 2βk−1)|Fn|h
∗.
So when N > M(k), and C ∈ CN (Y, ε, {Fn}), by (5.8) we have
∑
BFn (x,ε)∈C
e−s|Fn| ≥
∑
BFn (x,ε)∈C
e(1−3ξk)(1−2βk−1)|Fn|h
∗
≥
∑
BFn (x,ε)∈C
1
|WΛn |
≥ 1.
Hence,
M(Y, ε,N, s, {Fn}) ≥ 1,
which means hBtop(Y, ε, {Fn}) ≥ s.
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Since hBtop(Y, ε, {Fn}) dose not decrease as ε deceases, we have h
B
top(Y, {Fn}) ≥ s.
Thus we finish this proposition.
5.2. Table of symbols
To have a better understanding, we make a table of some symbols and their meanings.
{Kn} a tempered Følner sequence with
|Kn|
logn →∞, {Kn} is called small bricks
{Fn} a general Følner sequence
Λn, F
′
n Λn consist of standard bricks, F
′
n = ∪Λn, F
′
n ⊂ Fn, |F
′
n| > (1− 3βk)|Fn|
T˜ck,S,i small bricks T˜ck,S,i ⊂ Knk,j and {T˜ck,S,ick,S,i} 1− 3γk covers S
{Tn}, {Sn} congruent tiling of G and its shape, S ∈ Sn is called the standard bricks
Λn ∪Λn ⊂ Fn and | ∪ Λn| > (1− 2βk)|Fn| each element in Λn is in {Tk}
δ∗, ε∗ fixed small numbers with related to separated sets
τk the shadowing size in specification with τk ց 0
Γk,S,i (
δ∗
2 , T˜ck,S,i , ε)−separated subset of B(αk, ξk) with the maximum cardinality
γk S ∈ Sk can be γk−quasi tiled by {Knk,1, . . . ,Knk,tk}
βk Fn can be (1− 2βk) covered by standard bricks
B(F, x, ǫ) B(x, F, ǫ) = {y ∈ Y | ρF (x, y) ≤ ǫ}
B(S, ~x, τ) B(S, ~x, τ) :=
⋂tk
i=1
⋂
ck,S,i∈Ck,S,i
B(T˜ck,S,ick,S,i, c
−1
k,S,ixck,S,i , τ)
6. Proof of Theorem 1.2 and Theorem 1.3
Proof of Theorem 1.2: Assume Xˆ(ϕ, {Fn}) is non-empty. For x ∈ Xˆ(ϕ, {Fn}), there
exist two different measures µ1, µ2 ∈ V (x, {Fn}) and
∫
X ϕdµ1 6=
∫
X ϕdµ2.
Case 1: hµ1(X,G) = hµ2(X,G) = htop(X,G).
Let K = {tµ1 + (1 − t)µ2 | t ∈ [0, 1]}. Since
∫
X ϕdµ1 6=
∫
X ϕdµ2 we have GK ⊂
Xˆ(ϕ, {Fn}). Since the entropy map µ 7→ hµ(X,G) is affine(see [49, Theorem 8.1] for
example), we have that for all µ ∈ K, hµ(X,G) = htop(X,G). By Theorem 1.1,
hBtop(GK , {Fn}) = inf{hµ(X,G) | µ ∈ K} = htop(X,G),
which implies hBtop(Xˆ(ϕ, {Fn})) = htop(X,G).
Case 2: hµ1(X,G) < htop(X,G).
Pick 0 < η < (htop(X,G)−hµ1(X,G))/4. By the variational principle(See [23, Theorem
9.48]), take ν ∈ M(X,G) such that hν(X,G) > htop(X,G) − η. Again using the fact
the entropy map hµ(X,G) is affine, choose t ∈ (0, 1) so small that htµ1+(1−t)ν(X,G) >
htop(X,G)−2η and htµ2+(1−t)ν(X,G) > htop(X,G)−2η. Consider the connected closed
set K = {s(tµ1 + (1 − t)ν) + (1 − s)(tµ2 + (1 − t)ν) | s ∈ [0, 1]}.
∫
X ϕdµ1 6=
∫
X ϕdµ2
implies tµ1 + (1− t)ν 6= tµ2 + (1− t)ν and GK ⊂ Xˆ(ϕ, {Fn}). By the definition of K,
for each µ ∈ K, hµ(X,G) > htop(X,G) − 2η. Thus by Theorem 1.1 ,
hBtop(GK , {Fn}) = inf{hµ(X,G) | µ ∈ K} > htop(X,G) − 2η.
Then Theorem 1.2 has been proved.
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Proof of Theorem 1.3: For statement (1.2), set Cα = {µ ∈M(X,G) |
∫
X ϕdµ = α}
and s = sup{hµ(X,G) | µ ∈ Cα}.
If Cα is a singleton set, then GCα = X(ϕ,α, {Fn}). By Theorem 1.1,
htop(GCα) = {hµ(X,G) | Cα = {µ}}.
If Cα contains at least two different points, then we can pick µ1 6= µ2 ∈ Cα.
Case 1: hµ1(X,G) = hµ2(X,G) = s.
Let K = {tµ1 + (1− t)µ2 | t ∈ [0, 1]}. Using the same argument above, we have
hBtop(GK , {Fn}) = sup{hµ(X,G) | µ ∈ Cα}.
Case 2: hµ1(X,G) < sup{hµ(X,G) | µ ∈ Cα}.
Pick 0 < η < (s − hµ1(X,G))/4. By the variational principle, take ν ∈M(X,G) such
that hν(X,G) > s−η. Again using the fact the entropy map hµ(X,G) is affine, choose
t ∈ (0, 1) so small that htµ1+(1−t)ν(X,G) > s − 2η and htµ2+(1−t)ν(X,G) > s − 2η.
Consider the connected closed set K = {s(tµ1 + (1 − t)ν) + (1 − s)(tµ2 + (1 − t)ν) |
s ∈ [0, 1]}. µ1 6= µ2 implies tµ1 + (1− t)ν 6= tµ2 + (1− t)ν. By the definition of K, for
each µ ∈ K, we have µ ∈ Cα and hµ(X,G) > s− 2η. Thus by Theorem 1.1 ,
hBtop(GK , {Fn}) = inf{hµ(X,G) | µ ∈ K} > s− 2η.
By the choice of η, we obtain hBtop(X(ϕ,α, {Fn})) ≥ s.
Obviously, Cα is a closed subset of M(X,G). Let
CαG = {x ∈ X | {EFn(x) has a limit-point in Cα}.
The by Proposition 4.1,
hBtop(
CαG, {Fn}) ≤ sup{hµ(X,G) | µ ∈ Cα}.
From the definition of X(ϕ,α, {Fn}), we have X(ϕ,α, {Fn}) ⊂
Cα G. Thus we obtain
hBtop(X(ϕ,α, {Fn})) ≤ sup{hµ(X,G) | µ ∈ Cα}.
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7. Appendix
Definition 7.1. An f−neighborhood of µ ∈M(X) is the set of the form
F (α) := {ν ∈M(X,G) | |〈fi, µ〉 − 〈fi, ν〉| ≤ αεi},
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where α > 0, fi ∈ C(X,R), εi > 0, i = 1, 2, . . . , k are a given finite collection of
continuous functions, εi are positive constants and ‖fi‖ ≤ 1 for each i, where ‖fi‖ =
supx∈X |fi(x)|.
Proposition 7.1. Let (X,G) be a dynamical system and {Kn} a tempered Følner
sequence and µ ∈ M(X,G). Suppose the system has specification property and µ ver-
ifies the conclusions of Proposition 3.2. Let 0 < h′ < hµ(X,G). Then there exist
δ′ > 0, ε′ > 0, such that for any neighborhood C of ν, there exists a G−invariant
closed subset Y ⊂ X satisfying the following properties.
(1) There exist n′C ∈ N, such that EKn(y) ∈ C for all y ∈ Y and n ≥ n
′
C ;
(2) There exits n′′C ∈ N, such that there exists a subset Γn of Y which is
(δ′,Kn, ε
′)−separated and |Γn| ≥ e
|Kn|h′ for all n ≥ n′′C .
Proof. Take h′ < h∗ < hµ(X,G). Given the neighborhood C of µ, take a
f−neighborhood F of µ with fixed {fi, εi : i = 1, 2, . . . , k}. Let δ
∗, ε∗ and n∗F (α) corre-
spond to h∗ in the conclusion of Proposition 3.2. Set n∗ = n∗F (α).
Because {fi ∈ C(X,R)} are uniformly continuous on X, there exits △ > 0 such
that
△ < ε∗/3 and ρ(x, y) < △ =⇒
∣∣fi(x)− fi(y)∣∣ < εi/5
for each fi associated with F.
Take a sequence of finite subsets {Gn}
∞
n=1 of G with Gn = G
−1
n , Gn ⊂ Gn+1 and
G = ∪∞n=1Gn. Let {βk}, {n
∗
k}, {γk}, T˜k,S = {T˜ck,S,ick,S,i} as described in Section 5.1.
We also assume n∗k to be so large that Kn is (Gk,
γk
|Gn|2
)−invariant for n ≥ n∗k.. Let
T˜ ′ck,S,i = ∩s∈Gks
−1T˜ck,S,i . Then T˜
′
ck,S,i is Gn−invariant and |T˜
′
ck,S,i | > (1− 4γk).
We define Yk using the same way used in Section 5.1 but here Γck,S,i is a
( δ
∗
2 , T˜
′
ck,S,i , ε
∗)−separated subset of XT˜ ′ck,S,i ,F
1/5 with |Γck,S,i | ≥ e
h∗|Knk,i|. Define Yk
by the same way in Section 5.1 using T˜ ′ck,S,i instead of T˜ck,S,i . Then each Yk is
Gk−invariant. Define
Y = ∩∞i=1Yk.
Take y ∈ Y , then y ∈ Yk for all k ∈ N. For any s ∈ G, by the choice of {Gk} there
exits k∗ such that s ∈ Gk for k ≥ k
∗, which implies sy ∈ Yk for all k ≥ k
∗. Thus
sy ∈ Y.
Take k# such that γk# < εi/25, βk# < εi/25 and τk# < εi/5. Then for y ∈ Y and
M(k − 1) < n ≤M(k) and k > k#,
∣∣〈fi, EKn(y)〉 − 〈fi, µ〉∣∣ ≤ 6βk + 6γk−1 + τk−1 + εi/5
≤ εi,
which means EKn(y) ∈ F ⊂ C.
Using the same arguments in the proof of Proposition 5.1,
hBtop(Y, {Kn}) ≥ h
∗.
Since µ verifies the conclusions of Proposition 3.2, thus there exists δ′ > 0, ε′ > 0
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and n′′C ∈ N such that there exists a subset Γn of Y which is (δ
′,Kn, ε
′)−separated
and |Γn| ≥ e
|Kn|h′ for all n ≥ n′′C .
Corollary 7.1. Under the hypothesis of Proposition 7.1, µ is entropy-approachable
by ergodic measures.
Proof. For any beighborhood C ⊂ M(X) of µ and h∗ < hµ(X,G), let F ⊂ C
be a f−neighborhood of µ. Let Y be a closed G−invariant subset of X such that
hBtop(Y,G) ≥ h
∗ and EFn(y) ∈ F for n ≥ n
′
C and y ∈ Y. Then by the variational
principle and ergodic decomposition of invariant measures, there exists an ergodic
measure ν with ν(Y ) = 1 and hν(Y,G) > h
∗. Let y ∈ Y be a generic point for µ with
related to {Kn}. Since EKn(y)→ ν and EKn(y) ∈ F for n ≥ n
′
C , we have ν ∈ F.
Lemma 7.1. Assume µˆ and µ˜ satisfy the hypothesis of Proposition 7.1 µ, then for
t ∈ (0, 1), µ = tµˆ+ (1− t)µ˜ is entropy-approachable by ergodic measures.
Proof. Given any f -neighborhood F of µ, consider the corresponding
f−neighborhoods Fˆ and F˜ of µˆ and µ˜ with the same {fi, εi}. For h
′ < h∗ < hµ(X,G),
select hˆ′ < hˆ∗ < hˆµ(X,G) and h˜
′ < h˜∗ < h˜µ(X,G).
Let {Kn} be a tempered Følner sequence. By Proposition 3.2, there exist δ
∗, ε∗ and
n∗ such that there exists a (δ∗,Kn, ε
∗)−separated sets Γˆn, Γ˜n of XˆKn,F (1/5), X˜Kn,F (1/5)
with
|Γˆn| ≥ e
hˆ∗|Kn| and |Γ˜n| ≥ e
h˜∗|Kn| for all n ≥ n∗. (7.1)
For S ∈ Sk, let T˜k,S = {T˜
′
ck,S,ick,S,i}, where T˜
′
ck,S,i is as described in Proposition
7.1. Let Γˆck,S,i be a (
δ∗
2 , T˜
′
ck,S,i , ε
∗)-separated subset of XˆT˜ ′ck,S,i ,F
2/5 with the maximal
cardinality and Γ˜ck,S,i be a (
δ∗
2 , T˜
′
ck,S,i , ε
∗)-separated subset of X˜T˜ ′ck,S,i ,F
2/5 with the
maximal cardinality. By (7.1) and the arguments in the proof of Lemma 5.1, we have
|Γˆck,S,i | > e
|Kn|hˆ∗ and |Γ˜ck,S,i | > e
|Kn|h˜∗
For k large, T˜ ′k,S can be divided into two parts T˜
1
k,S and T˜
2
k,S satisfying the following
property.
(1)
∣∣∣ |T˜ 1k,S |
|T˜k,S |
− t
∣∣∣ < 4γk;
(2)
∣∣∣ |T˜ 2k,S |
|T˜k,S |
− (1− t)
∣∣∣ < 4γk;
Define
Γ(S) :=
2∏
j=1
∏
T˜ ′ck,S,ick,S,i∈T˜
j
k,S
Γck,S,i (7.2)
:= {(xj,i) | T˜
′
ck,S,ick,S,i ∈ T˜
j
k,S, j = 1, 2}. (7.3)
here xj,i ∈ Γˆck,S,i , if T˜
′
ck,S,ick,S,i ∈ T˜
1
k,S and xj,i ∈ Γ˜ck,S,i, if T˜
′
ck,S,ick,S,i ∈ T˜
2
k,S.
The proof then follows that of Proposition 7.1 and Corollary 7.1 with straightforward
modifications.
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Corollary 7.2. If (X,G) has the specification property, then the set of measures in
M(X,G) which are entropy-approachable by ergodic measures is closed under finite
convex combinations.
Theorem 7.1. Suppose the dynamical system (X,G) has speicification property. Then
the ergodic measures are entropy dense.
Proof. The above shows that finite convex combinations of ergodic measures are
entropy-approachable by ergodic measures. We just need to show every µ ∈M(X,G)
can be approximated by convex combinations of ergodic measures with entropy close
to that of µ. This can be achieved by using the ergodic decomposition of µ. Take
η > 0 arbitrarily small. Let α = {A1, . . . , Ap} be a finite partition of E(X,G) with
diam(Ai) < η, i = 1, . . . , p. For each Ai ∈ α, we can pick an ergodic measure µi ∈ Ai
such that
hµi(X,G) ≥
1
τ(Ai)
∫
Ai
hm(X,G)dτ(m) and D(µi,
1
τ(Ai)
∫
Ai
mdτ(m)) < η.
Denote ai = τ(Ai), i = 1, . . . , p. Then
D(µ,
p∑
i=1
aiµi) ≤
p∑
i=1
aiD(
1
τ(Ai)
∫
Ai
mdτ(m), µi) ≤ η,
and
hµ(X,G) =
∫
E(X,G)
hm(X,G)dm ≤
p∑
i=1
aihµi(X,G).
Then by Corollary 7.2, we finish the proof.
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